The valley Hall conductivity, having opposite signs between the K and K' valleys, is calculated in disordered monolayer graphene with gap. In ideal graphene without disorder, it is quantized into ±e 2 /2h within the gap and its absolute value decreases in proportion to the inverse of the Fermi energy in the band continuum. In the presence of scatterers, the Hall conductivity in the band continuum is strongly enhanced. This enhancement depends on explicit form of scattering potential even in the clean limit where the concentration and strength of scatterers are vanishingly small. Numerical calculations performed within the self-consistent Born approximation for scatterers with Gaussian potential and for charged impurities show that the valley Hall conductivity remains appreciable in the presence of large disorder and exhibits double-peak structure near zero energy.
I. INTRODUCTION
Atomically thin graphenes consisting of a few layers of monolayer graphite sheets were experimentally fabricated using mechanical exfoliation, 1,2 epitaxial growth, 3, 4 and other methods. [5] [6] [7] Graphenes are attracting much attention because of their intriguing electronic properties, as discussed in several reviews. [8] [9] [10] [11] [12] One reason lies in the peculiar electron motion governed by Weyl's equation for a neutrino or the Dirac equation in the relativistic limit. [13] [14] [15] [16] [17] The purpose of this paper is to study the valley Hall effect in graphene with gap in the absence of a magnetic field.
When graphene is placed on a certain substrate material, potential difference appears between two sublattice points, giving rise to band-gap opening. 18, 19 Band-gap opening seems to be one of hot subjects in graphene epitaxially grown on a SiC substrate, [20] [21] [22] on ruthenium, 23 etc. From a theoretical point of view, the singular behavior in ideal graphene is better understood by taking the limit of vanishing gap. In fact, a singular diamagnetic susceptibility, exhibiting a delta-function behavior known for a long time, 13, 24 was shown to be understood in terms of pseudo-spin paramagnetism within the conduction and valence bands, 25, 26 caused by orbital magnetic moment present in the absence of a magnetic field.
27-29
The presence of a valley-dependent orbital magnetic moment in graphene with gap suggests that currents flow perpendicular to applied electric field even in the absence of a magnetic field, i.e., the valley Hall effect. 28, [30] [31] [32] [33] [34] [35] [36] [37] [38] This Hall conductivity has an opposite sign and cancels each other between the K and K' valleys and therefore does not cause any Hall voltage in a conventional Hall-bar geometry. Recent experiments in graphene on boron-nitride substrate succeeded in detection of such currents. 39 A zero-field Hall voltage was observed in MoS 2 monolayers in the presence of valley polarization induced by illumination of circularly polarized light. 40 Similar Hall voltage should be observed in graphene with gap when valley polarization is introduced. There have been various theoretical suggestions on ways to introduce valley polarization and/or splitting in graphene.
41-49
In ideal graphene without disorder, the valley Hall conductivity is known to be quantized into ±e 2 /(2h) within the gap [30] [31] [32] [33] and its absolute value decays in proportion to the inverse of the energy when the Fermi level goes into the conduction or valence band. 34, 37 In this paper, we calculate the valley Hall conductivity assuming scatterers with long-range potential within a self-consistent Born approximation.
The paper is organized as follows: In Sect. II, following a brief review on the electronic states, the Hall conductivity in ideal system, and the self-consistent Born approximation, we discuss the method to calculate the valley Hall conductivity. In Sect. III analytic results are obtained in the clean limit, where the broadening is much smaller than the Fermi energy. The Hall conductivity in the band continuum is shown to be strongly enhanced as compared to the ideal result and dependent on explicit form of the impurity potential but not on its concentration and strength. In Sect. IV some examples of numerical results are presented. The valley Hall conductivity remains appreciable and exhibits double peak structure near zero energy even in the presence of large disorder. A brief discussion is given in Sect. V and a short summary is given in Sect. VI.
II. FORMULATION

A. Effective-mass description
In a graphene sheet, the conduction and valence bands consisting of π orbitals cross at K and K' points of the Brillouin zone, where the Fermi level is located. 50, 51 Electronic states of the π-bands near a K point are described by the k·p equation: [13] [14] [15] [16] [17] H 0 F(r) = εF(r),
with
where F(r) is a two-component wave function, ε is energy, k = (k x , k y ) = −i ⃗ ∇ is a wave-vector operator, and γ is a band parameter, given by γ = ( √ 3/2)aγ 0 with a the lattice constant (2.46Å) and γ 0 the nearest-neighbor hopping integral (∼ 3 eV).
The diagonal terms ±∆ represent potential asymmetry between two sublattice atoms within a unit cell, which opens an energy gap at k = 0. 31, 52 We can safely assume ∆ ≥ 0 without loss of generality. The energy eigen values and the density of states are given by
respectively, where k = |k|, s = ±1, g v = 2 is the valley degeneracy associated with the K and K' points, g s = 2 is the spin degeneracy, and
For small γk/∆, the energy bands are expanded as
with effective mass m * =h 2 ∆/γ 2 . The Hamiltonian is rewritten as
in terms of the Pauli spin matrices ⃗ σ = (σ x , σ y ) and σ z , and the velocity becomes v = (γ/h)⃗ σ. The equation of motion of the velocity is given bẏ
where e z is a unit vector in the z direction perpendicular to the system. The first term corresponds to the socalled Zitterbewehgung and the second term corresponds to the Lorentz force due to magnetic field B eff = ∆/µ * B perpendicular to the system, where the effective Bohr magneton is defined by µ * B = eh/(2m * c). Thus, the gap ∆ acts on electrons as an effective magnetic field perpendicular to the system and the electron performs corresponding cyclotron motion. Therefore, the Hall conductivity can become nonzero in the absence of a magnetic field. For the K' points, the Hamiltonian is obtained by replacing ⃗ σ with ⃗ σ * , which makes v y = −(γ/h)σ y . As a result, the effective magnetic field is in the opposite direction and the Hall conductivity has an opposite sign, making the total Hall conductivity vanish. The nonvanishing magnetic moment has been noted in the singular magnetic response of graphene 25, 26, 53 and also suggested by the self-rotation of the wave packet for Bloch states near the K and K' points.
27-29
B. Valley Hall Conductivity
In the following, we shall confine ourselves to electrons at the K point, neglecting intervalley scattering between K and K' points. The Hall conductivity σ xy in two dimensions, satisfying σ yx = −σ xy , is given by
where L 2 is the system area, f (ε) is the Fermi distribution function, j x = (−e)v x and j y = (−e)v y are the current operators,Ĝ(ε) = (ε − H) −1 is the Green's operator with Hamiltonian H, Tr stands for the trace over the states, ⟨· · ·⟩ denotes average over configurations of scatterers, and (x ↔ y) represents terms in which x and y are exchanged with each other.
We introduce v ± through
giving
Then, the Hall conductivity is written as
where
In the above, we have introducedĜ(±) =Ĝ(ε±i0) for simplicity.
C. Valley Hall Conductivity in Ideal Graphene
In the momentum representation, the Green's function in ideal graphene is written as
with and
where θ k denotes the direction angle of k. This makes it possible to immediately perform the integration over the direction angle. When we assume an energy independent broadening Γ, we shall replace ε ± i0 with ε ± iΓ and can immediately obtain
with h = 2πh. In the limit of vanishing Γ, this becomes
giving The quantization into the half of ±g s e 2 /h in the gap has been obtained by various previous works [29] [30] [31] [32] [33] and the energy dependence for |ε| > ∆ is in agreement with that previously obtained.
29,34 Figure 1 shows some examples of σ xy (ε). As will be shown below, the valley Hall conductivity is strongly enhanced as compared to this ideal result in the presence of scatterers, even in the clean limit where the scattering strength is reduced to zero.
D. Self-Consistent Born Approximation
For scatterers with potential with nonzero range, we usually have to perform numerical calculations to obtain the Green's function and transport quantities, because of the presence of explicit dependence of the self-energy on |k|. The dependence on the direction of k can be eliminated in various ways as has previously been shown.
55-58
We shall briefly review such a method for the purpose of deriving explicit expressions for the valley Hall conductivity and its analytic result in the clean limit.
We consider the system containing scatterers, described by the Hamiltonian:
where u i (r) is the potential of an individual impurity and r j denotes impurity position. We consider the case of isotropic potential
where u i (q) = u i (q) with q = |q|. Extension to the case of anisotropic potential is straightforward as long as the system recovers isotropy after average over all configurations of scatterers. The Green's function in the momentum representation, averaged over every configuration of scatterers, is written as
where Σ(k, ε) is the self-energy matrix. Based on the symmetry, the dependence on the direction of k in the Green's function and the self-energy can be eliminated by setting
In a self-consistent Born approximation, the selfenergy matrix is diagrammatically shown in Fig. 2 (a) and becomes
where n i is the impurity concentration. This is converted into
with 2 × 2 matrix Ξ = (Ξ ij ). In the above, we have defined
where the integral is performed over θ k ′ k , the angle between k and k ′ , for fixed k and k ′ . For the calculation of the conductivity, we need current vertex parts J ± (k, ε, ε ′ ) satisfying the Bethe-Salpetertype equation:
corresponding to Fig. 2 (b) . We can immediately eliminate the dependence on the direction of k through
corresponding to
The Bethe-Salpeter equation for J ± (k, ε, ε ′ ) becomes
) .
We also need the vertex function:
Within the self-consistent Born approximation, the Hall conductivity is represented by diagrams shown in Figs. 2 (c) and (d). Explicitly, we have
Here and in the following equations, we omit the explicit k dependence of the Green's function and the current vertices unless absolutely necessary, and abbreviate G(k, ε±i0) as G(±) for simplicity.
III. CLEAN LIMIT
Let us consider the case that the energy is in the conduction band, ε > ∆, in the limit of small disorder.
The extension to the case of negative energy ε < −∆ is straightforward. We have
As will be shown below, we can replace the above by the "on-shell" broadening parameters, given by
(49) In the following, we shall abbreviate Γ n (ε) as Γ n for simplicity.
Then, the Green's function becomes
and
As will be shown in the following, the inclusion of G (0) (+) only leads to vanishing valley Hall conductivity and therefore the next order contributions are absolutely necessary. Further higher order terms are not necessary in the clean limit.
It is worthwhile to note that 1 2
with unitary matrix S given by
Correspondingly, we shall definẽ 
with ε k = ξ, when dominant contributions come from the region of k satisfying ε k ≈ ε. In the above, terms proportional to F ′ (ε) do not appear up to the first oder in Γ n /ε. This leads to the conclusion that only the "onshell" broadening parameters appear in the following, as mentioned above.
The current vertex part is expanded as
Then, we have
with v
Tedious but straightforward calculations give
and [J
For the current vertex J − (+−), we can use v − = v t + , where A t denotes the transpose of matrix A. Then, we have
The valley Hall conductivity is written as
Immediately, we have
In fact, for σ
xy , we can convert the 2×2 matrix into a scalar number under unitary transformation S and therefore the result corresponds to that of a single band, for which no Hall conductivity should appear in the absence of a magnetic field.
One of the first order terms becomes
After tedious but straightforward calculations, another first order term becomes
Adding the above two, we have
(72) The Green's functions appearing in σ ′′ xy have the same analyticity and, therefore, vertex corrections become of further higher order and can be neglected in the clean limit. In fact, vertex corrections involve the following integral:
∫ dξ 2π
(73) For slowly-varying F (ε), the resulting vertex corrections become of higher order and can safely be neglected. Consequently, in the clean limit, we can safely make Γ 0 and Γ 1 vanishingly small in σ ′′ xy and obtain σ ′′ xy = 0 as in the ideal case.
In the energy region within the gap, we can take the limit of Γ n = 0 in the clean limit because the Green's function has no singularity and is real. Then, σ 
for |ε| > ∆ and
for |ε| < ∆. We note that σ xy for |ε| > ∆ and |ε| < ∆ are continuous at ε = ±∆, although the derivative is discontinuous. The above result clearly shows that the Hall conductivity in the clean limit is dependent on the scattering potential although independent of the concentration and potential strength. In the region within the conduction or valence band, close to the gap, i.e., 0 < |ε| − ∆ ≪ ∆, we have
independent of Γ n . Its absolute value linearly increases with the increase of |ε| from ∆ in contrast to the linear decrease in the ideal case without scattering, given by Eq. (24) . In the region away from the gap, i.e., |ε| ≫ ∆, on the other hand, we have
∆ |ε|
Together with Eq. (76), this equation shows that when the energy is increased from the band edge of the conduction band or decreased from that of the valence band, the valley Hall conductivity first increases, takes a maximum away from the gap, and then decreases (in proportion to |ε| −1 for sufficiently large |ε|). Therefore, the Hall conductivity has a double-peak structure.
Further, the Hall conductivity is usually enhanced considerably as compared to that in the ideal case without scattering. In fact, in the case of short-range scatterers, we have Γ n = 0 for n ̸ = 0 and therefore σ xy for |ε| ≫ ∆ is eight times as large as that in the ideal graphene. For scatterers with smooth potential and with nonzero range, we have usually Γ 0 > Γ 1 > Γ 2 . Therefore, the enhancement is generally reduced with the increase in the potential range. In the long-range limit, the broadening is dominated by contributions in the region |k ′ −k| ∼ 0 and consequently
giving Γ 0 −Γ 2 ≈ 4(Γ 0 −Γ 1 ). Thus, the enhancement factor becomes two in the long-range limit.
In the case of short-range scatterers, we have
which is independent of the broadening parameter, as is expected, and takes maximum −1.69 · · · × g s e 2 /(2h) at |δ| = 0.393 · · ·. This is the same as that obtained in a previous work. 
IV. NUMERICAL RESULTS
In order to demonstrate the enhancement of the valley Hall conductivity in the clean limit as compared to the ideal result, we shall consider two examples. In the first example, we assume scatterers with Gaussian potential,
with strength u and range d. In the second example, we assume charged impurities, which are likely to be dominant in graphene on substrates. 59 We introduce screening within the Thomas-Fermi approximation, i.e.,
where κ is the static dielectric constant of the environment and q s is the screening constant, given by
at zero temperature, with Fermi energy ε F . For graphene on SiO 2 substrate, we have κ = 1 2 (κ ox +1) with κ ox ≈ 3.9 being the static dielectric constant of SiO 2 , giving κ ≈ 2.5. The Thomas-Fermi approximation is known to describe the q dependence of the dielectric function quite well.
59,60
We introduce cutoff energy ε c and wave number k c through ε c = γk c , where we have roughly ε c ≈ γ 0 , corresponding to the region where the linear dispersion is approximately valid. The actual value of k c is irrelevant as long as d eff k c ≫ 1 with effective range d eff , because only states corresponding to |ε| < ∼ γ/d eff are mixed with each other and contribute to the conductivity in the lowenergy region. Figure 3 shows some examples of valley Hall conductivity in the clean limit in the case of scatterers with Gaussian potential for varying potential range d. We have assumed dk c = 10 in actual calculations. In this case, the results become a function of ε(γ/d) −1 , because there is only a single relevant energy scale γ/d corresponding to range d. [55] [56] [57] In the short-range limit d(γ/∆) −1 ≪ 1, the enhancement over the ideal conductivity is maximum and with the increase of d the enhancement is reduced. Even in the long-range limit d(γ/∆) −1 ≫ 1 the conductivity is larger and exhibits distinct double-peak structure, i.e., the maximum absolute value is larger than g s e 2 /(2h) outside the gap region. Figure 4 shows the valley Hall conductivity in the clean limit in the case of dominant charged-impurity scattering for varying gap. The gap is measured in units of cutoff ε c . The conductivity exhibits prominent doublepeak structure independent of ∆ and the overall feature is quite close to that of the short-range case for scatterers with Gaussian potential shown in Fig. 3 . This result is to be expected because the screening constant is larger than Fermi wavenumber k F and u i (q) ∼ 2πe 2 /(κq s ) independent of q in graphene on SiO 2 substrate. 59 In fact, we have q s /k F ≈ 3.5 independent of the energy except in the gap region.
For actual numerical calculations in the self-consistent Born approximation, we discretize k and numerically solve the self-consistency equation and BetheSalpeter-type equations iteratively in a manner discussed previously. [55] [56] [57] [58] For scatterers with Gaussian potential given by Eq. (80), we shall define a dimensionless disorder-parameter characterizing the scattering strength through
For charged impurities, the screening constant q s should be self-consistently determined because D(ε F ) varies due to scattering. The impurity concentration will be measured in units of n c , define by
For ε c ∼ γ 0 , for example, n c ∼ (2 energy and monotonically decreases with the increase of energy. This behavior near the critical gap where the gap disappears is quite different from that in the clean graphene. In spite of this difference, however, the actual value of the Hall conductivity is considerably enhanced as compared to the ideal value in the tail region. Figure 7 shows the density of states and the valley Hall conductivity in the case of dominant charged-impurity scattering. We assume ∆/ε c = 0.05, 0.01, 0.002 and n i /n c = 0.005, 0.01, 0.02. The density of states remains nonzero inside the gap region of ideal graphene even for the largest gap ∆/ε c = 0.05. The reason lies in the fact that the effective scattering strength logarithmically diverges for vanishing screening constant corresponding to vanishing density of states. For smaller gaps, the density of states is essentially the same as that of graphene without gap.
In the case of large gap ∆/ε c = 0.05 shown in (a), the Hall conductivity in the gap region of the ideal graphene is close to −g s e 2 /(2h), although not exactly quantized. In the energy region away from the gap, the Hall conductivity is close to that in the clean limit and therefore is strongly enhanced in comparison with that of the ideal graphene. In the case of ∆/ε c = 0.01 shown in (b), the valley Hall conductivity near zero energy is not so much different from −g s e 2 /(2h) although essentially no effects of the gap appear in the density of states. It exhibits double-peak structure near zero energy. In the case of further small gap ∆/ε c = 0.05 shown in (c), the absolute value is reduced, but the Hall conductivity persistently exhibits double-peak structure. The general feature independent of the gap value is that it is strongly enhanced as compared to that of the ideal graphene except in the vicinity of zero energy and that it always has double-peak structure.
The effective potential range of charged impurities is expected to be modified by the presence of environmental dielectric material. [62] [63] [64] [65] The present results suggest that environmental screening effect tends to make the valley Hall conductivity smaller due to the increase in the potential range as long as charged impurities remain as dominant scatterers.
V. DISCUSSION
In the case of the integer quantum Hall effect in twodimensional systems in high magnetic fields, 66,67 two different pictures have been proposed for its explanation, bulk Hall-current picture 54,68-72 and edge-current picture. 73 It is an important but unsettled question which picture is valid in actual quantum Hall systems, for examples, providing the resistance standard. 74 In periodic systems the Hall conductivity can take various integers independent of the number of occupied Landau levels. 75 It has been shown that this integer exactly corresponds to the number of edge states contributing to the current without backscattering (the so-called bulk-edge correspondence).
76-80
In the present system, the sum of the Hall conduc- tivity associated with the K and K' points identically vanishes and therefore the presence of edge states is not necessary in actual graphenes. 81, 82 However, we can discuss a system without coupling and/or mixing (scattering) between the K and K' valleys even at system boundaries, at least hypothetically. Then, the quantization into ±g s e 2 /(2h) is likely to be related to the behavior of edge states in such systems. W choose the boundary at a straight line given by x = x 0 parallel to the y axis and first consider the case that graphene with gap 2∆ is present in the region x > x 0 . As an example, in the region x < x 0 , we consider the Hamiltonian
with −1 < α < 1 and |V | ≫ ∆. We shall eventually take the limit |V | → ∞. In the region x < x 0 , the Hamiltonian is safely replaced with Figure 8 shows illustration of the potential distribution near x 0 . For x < x 0 , the solution is written as
where k is the wave vector in the y direction parallel to the boundary. The equation of motion gives
where s V denotes the sign of V . For x > x 0 , the solution is written as
The equation of motion gives
Connecting the wave functions at x 0 , we have
This gives an edge state with energy dispersion
in the region k > k 0 for α > 0 and in the region k < k 0 for α < 0. Here, s α denotes the sign of α and k 0 is the point of contact of the energy dispersion in the bulk region and the straight line corresponding to the edge state. Figure 9 shows some examples of the dispersion relation of the edge state. It is given by a part of the tangential line of the energy bands in bulk graphene. For the lines tangential to the conduction band, the edge states are present in the left hand side of the contact point, while for those to the valence band the edge states are present in the right hand side. For V > 0, there is no edge state in the region inside the gap, while for V < 0, an edge state always exists in the gap region.
The presence and absence of the edge state in the gap are correlated with whether the band gap is closed down or not in the extreme vicinity of the boundary. In fact, for V > 0 the band gap monotonically increases from ∆ with the increase of |V |, while for V < 0 the gap disappears at V = −∆ independent of α and then increases with |V |. This is closely related to the topological zero-line mode resulting from the reversal of mass signs.
83-87
The case of α = ±1 is exceptional and the edge state has a flat dispersion only in either positive or negative regions of the wave vector. This corresponds to the so-called Fujita or Klein edge because either A sites or B sites are terminated by introducing infinite on-site potential. 88, 89 In fact, for α = +1 the boundary conditions are reduced to F A (x 0 ) = 0. We immediately have ε = −∆ from Eq. (92) and κ = |k|, which then gives the condition k > 0 because of the requirement F B (x 0 ) = 0. On the other hand, for α = −1 the boundary conditions are reduced to F B (x 0 ) = 0. We immediately have ε = +∆ from Eq. (92) and κ = |k|, which then gives the condition k < 0 because of the requirement F A (x 0 ) = 0. These results are in agreement with those shown in Fig.  9 .
In the opposite case that graphene is in the region x < x 0 , the edge state dispersion can be obtained from that shown in Fig. 9 by a mirror reflection with respect to k = 0, showing that the edge state has a velocity in the opposite direction. Because the boundary potential can be either V → +∞ or −∞, we can say that a single edge state moving in a single direction along the boundary exists with probability half. This corresponds to the quantization into the half of ±g s e 2 /h in the gap region. The valley Hall conductivity exhibits double-peak structure as a function of the Fermi energy or the carrier concentration for dominant charged impurity scattering, which gives rise to large disorder in the low energy or low carrier-concentration region. The double-peak structure appears also for scatterers with Gaussian potential except in the case with barely opened or disappeared band gap. This is a consequence of the strong enhancement in the region inside the band continuum in comparison with the result in ideal case. In fact, σ xy in the clean limit is completely different from that obtained under the assumption of no scatterer and depends on the spatial variation of each impurity potential although being independent of its concentration and strength.
This huge difference between the clean limit and the ideal case is not so surprising but rather to be expected. An analogous example can be found in the spin Hall conductivity in the so-called Rashba two-dimensional systems with strong spin-orbit interaction. 90, 91 In this case, the spin Hall conductivity in an ideal case was shown to be universal, 92, 93 but was demonstrated to identically vanish in the clean limit. 94, 95 This difference was shown to manifest itself more clearly in the dynamical spin Hall conductivity. 96 The result in the clean limit should be more appropriate for actual systems because there always exists certain amount of disorder due to impurities or other sources.
In the calculation of conductivities based on the Kubo formula like diagrammatically shown in Fig. 2 (c) , vertex corrections are known to play important roles. In the case of diagonal conductivity σ, vertex corrections lead to renormalization of relaxation time τ into transport or momentum relaxation time τ tr , which can be much larger than τ for scatterers with long-range potential. In graphene, τ tr = 2τ even for short-range scatterers 97 due to the absence of backscattering.
98,99
In the case of the valley Hall conductivity, therefore, vertex corrections should certainly be included even in the clean limit, but cannot be represented by the simple renormalization of τ into τ tr like in the case of σ. The reason is that the valley Hall conductivity identically vanishes if we neglect interband matrix elements of the current operators (corresponding to Eq. (69)). The role of the vertex corrections is a renormalization of interband elements of the current and therefore is not so easily understood. The renormalization of τ into τ tr is larger for long-range scatterers than for short-range, but the behavior of the valley Hall conductivity is completely opposite.
The valley Hall effect is analogous to the spin Hall effect in systems with spin-orbit interaction, although the spin performs precessional motion and is not conserved in the spin-Hall systems whereas electrons remain in the same valley as long as intervalley scattering can be neglected in graphene. When current flows in a Hall-bar geometry, electrons at the K and K' points are accumulated in the opposite sides of the system and resulting neutral "valley field" may influence the current as in the case of the usual Hall effect in a magnetic field. Thus, the resistivity in the present system is likely to depend on the strength of intervalley scattering when the valley field becomes important.
As in the case of the spin Hall effect, the valley Hall effect is observed using its inverse effect in a nonlocal geometry. 100 Quite recently, small nonlocal resistance R NL was observed near a charge-neutrality point in graphene on BN substrate with nearly commensurate lattice structure. 39 It has been suggested that R NL ∝ σ 2 xy σ −3 with diagonal conductivity σ. 101 Because the dependence of σ on the Fermi energy is much stronger than σ xy near zero energy, in particular in the presence of gap, it is almost impossible to extract accurate information on σ xy itself.
Further, the inverse valley Hall effect is very sensitive to the strength of intervalley scattering. 101 Usually, strong disorder is inevitably introduced near boundaries during sample fabrications, which can introduce uncontrollable amount of intervalley scattering. This effect is likely to strongly depend on the Fermi energy. Thus, realization of significant amount of valley polarization is necessary for the actual observation of the valley Hall conductivity itself in stead of the nonlocal resistance.
The valley Hall effect in the bulk regions is likely to be strongly influenced by intervalley scattering. Such scattering can be caused by zone-boundary phonons near the K and K' points at high temperatures 102 and by scatterers with potential range smaller than or comparable to the lattice constant at low temperatures. It is important in the symmetry change from symplectic to orthogonal in graphene without gap, causing crossover between weak anti-localization and localization behavior predicted theoretically [103] [104] [105] and observed experimentally. [106] [107] [108] [109] [110] Further, strong short-range scatterers can exhibit intriguing resonance scattering. 111 It is worth mentioning that in the presence of gap, the universality class of the system becomes unitary because of the broken "time-reversal" symmetry within each valley and therefore the crossover occurs from unitary to orthogonal due to intervalley scattering. The problems related to effects of such intervalley scattering and localization effects are left for a future study.
VI. SUMMARY
In summary, we have calculated the valley Hall conductivity of monolayer graphene with gap in the absence of a magnetic field. The Hall conductivity has an opposite sign between the K and K' valleys and is quantized into ±g s e 2 /(2h) within the gap. In ideal graphene without disorder, it decreases in proportion to the inverse of the Fermi energy when it moves into the conduction or valence band away from the gap. In the clean limit, where the presence of scatterers is assumed but their concentration and strength are both vanishingly small, the Hall conductivity in the band continuum is strongly enhanced as compared to the ideal conductivity. The enhancement depends on explicit form of the spatial variation of impurity potential.
Numerical calculations have been performed within the self-consistent Born approximation for scatterers with Gaussian potential and for more realistic charged impurities which are likely to be dominant in graphene on SiO 2 substrates. The results show that even in the presence of large disorder, the valley Hall conductivity remains appreciable and exhibits double peak structure near zero energy or at low carrier concentrations.
